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Vector Identity 9

∇(a · b) = (a ·∇)b+ (b ·∇)a+ a× (∇× b) + b× (∇× a)

Proof

Let A = a and B = b.

A× (∇×B) +B× (∇×A) =

(
3∑

i=1

δiAi

)
×

 3∑
j=1

δj
∂

∂xj

×( 3∑
k=1

δkBk

)
+

(
3∑

i=1

δiBi

)
×

 3∑
j=1

δj
∂

∂xj

×( 3∑
k=1

δkAk

)
=

(
3∑

i=1

δiAi

)
×

 3∑
j=1

3∑
k=1

(δj × δk)
∂

∂xj
Bk


+

(
3∑

i=1

δiBi

)
×

 3∑
j=1

3∑
k=1

(δj × δk)
∂

∂xj
Ak


=

(
3∑

i=1

δiAi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjkl
∂Bk

∂xj


+

(
3∑

i=1

δiBi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjkl
∂Ak

∂xj


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi × δl)εjklAi
∂Bk

∂xj

+

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi × δl)εjklBi
∂Ak

∂xj

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεmilεjklAi
∂Bk

∂xj

+

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεmilεjklBi
∂Ak

∂xj

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
m=1

δm(δmjδik − δmkδij)Ai
∂Bk

∂xj

+

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δm(δmjδik − δmkδij)Bi
∂Ak

∂xj
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Continue the simplification.

A× (∇×B) +B× (∇×A) =
3∑

i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmjδikAi
∂Bk

∂xj
−

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmkδijAi
∂Bk

∂xj

+
3∑

i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmjδikBi
∂Ak

∂xj
−

3∑
i=1

3∑
j=1

3∑
k=1

3∑
m=1

δmδmkδijBi
∂Ak

∂xj

=
3∑

i=1

3∑
j=1

3∑
k=1

δjδikAi
∂Bk

∂xj
−

3∑
i=1

3∑
j=1

3∑
k=1

δkδijAi
∂Bk

∂xj

+
3∑

i=1

3∑
j=1

3∑
k=1

δjδikBi
∂Ak

∂xj
−

3∑
i=1

3∑
j=1

3∑
k=1

δkδijBi
∂Ak

∂xj

=
3∑

j=1

3∑
k=1

δjAk
∂Bk

∂xj
−

3∑
j=1

3∑
k=1

δkAj
∂Bk

∂xj

+
3∑

j=1

3∑
k=1

δjBk
∂Ak

∂xj
−

3∑
j=1

3∑
k=1

δkBj
∂Ak

∂xj

=
3∑

j=1

3∑
k=1

δj

(
Ak

∂Bk

∂xj
+Bk

∂Ak

∂xj

)

−
3∑

j=1

Aj
∂

∂xj

(
3∑

k=1

δkBk

)
−

3∑
j=1

Bj
∂

∂xj

(
3∑

k=1

δkAk

)

=
3∑

j=1

3∑
k=1

δj
∂

∂xj
(AkBk)−

3∑
j=1

Aj
∂

∂xj

(
3∑

k=1

δkBk

)
−

3∑
j=1

Bj
∂

∂xj

(
3∑

k=1

δkAk

)

=
3∑

j=1

δj
∂

∂xj

(
3∑

k=1

AkBk

)
−

3∑
j=1

Aj
∂

∂xj

(
3∑

k=1

δkBk

)
−

3∑
j=1

Bj
∂

∂xj

(
3∑

k=1

δkAk

)
= ∇(A ·B)− (A ·∇)B− (B ·∇)A

Therefore,
∇(A ·B) = (A ·∇)B+ (B ·∇)A+A× (∇×B) +B× (∇×A).
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